
Example  (I stole this from the wikipedia page on the Residue Theorem.  Also relates to 
your homework problem 4.3.17)  These integrals arise in probability theory:  Show that 
for b 0,

cos b x
x2 1

dx = ei b x

x2 1
dx =  e b 

First check that the method two pages back fails for the function you might try first, 

f z = cos b z
z2 1

, when b 0....in both the upper and lower half plane.
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Math 4200
Wednesday November 18
4.3 Integral applications of the residue theorem; we'll discuss 4.4 magic formulas for 
series and for certain infinite sums of analytic functions on Friday.  

Announcements:  We'll finish the last example on Monday, do a few more in today's 
notes before your quiz.  

reminder:  HW for Friday November 20
4.3:  1, 2, 4, 7, 10, 14, 17, 20ab.   (I've swapped #7 for #6.)
There are a lot of good worked examples in the text.  We discuss related examples today
and in Monday's notes.

it's a Hwproblem



Example  (Relates to homework problem 4.3.2).  Show

0

sin x
x  dx = 2 ,

using 

, R

 ei z

z  dz

Note, this improper integral does not converge absolutely, but converges conditionally 
by the alternating series test....and also, we use an interesting contour and "principal 
value" techniques to evaluate it.  

Integraldoesnot converge absolutely

If DF ausndkfonaeeydbyoesaeTLEIkg.sn's
test

one

graphofsins

T 8,18,182 83try 1Js
e e e

if dx fi dx Idx

t.IR a

dz dx Ladd

Te
ri f ax if

d
g r

oddintegrand evenintegrand

e dx 2i ingda f da zdz t e da

T.milZdH0asR o
Ego Effusing

Jsttutts ezithosingsinsideT so integrant
is bounded near

If true I in origin by M
fixed JpthIdt 2mi O makessense

lff.IE
Mite

eit 1 as E 70e dt t f da t Edt O
e.g fgjflalldzl.co

BtTutt

iman 2iffs dx fist terror to 1 Y'leg REIDY

line o zit it o I _Iz KEIJI



In the previous exercise ei z

z  has a singularity at z = 0 even though sin x
x  is 

continuous at x = 0.  There is a general class of integrals, called Principal Value (or PV)
integrals, that one can compute, even when the actual integral doesn't exist.  These PV 
integrals are often important in e.g. physics, I think.

Def  If f  is continous on a, b  except at x0 a, b  then

PV
a

b
f x  dx   lim
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x
0

f x  dx  
x
0

b
f x  dx

provided the limit exists.

Example  

PV
1

2
1
x  dx  = ln 2

even though 

1

0
1
x  dx = ,  

0

2
1
x  dx =  .

Using principal value ideas one can often compute PV f x  dx  using contours 

like the one below.  This is Proposition 4.3.11 in the text, of which our worked example
was an instance.  
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Suggested contour for 4.3.4  (see worked example 4.3.20 in text)
have a look at these



Suggested contour:

Plus, the imaginary part of this computation will give you the value of  

0

1

x2 1
2  dx


